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It is shown that there exist exactly three non-isomorphic non-cyclic Steiner triple systems of 
order 25 possessing transitive automorphism groups. Together with the 12 non-isomorphic 
cyclic systems this gives a total of 15 transitive Steiner triple systems of order 25. 
1. Introduction 
Let us acknowledge at the outset he inspiration by R.A. Mathon, K.T. Phelps, 
and A. Rosa's recent survey on small Steiner triple systems [8]. 
A Steiner triple system of order v (STS(v), or STS) is a pair (V, B), where V is 
a finite set of v elements called points and B is a collection of 3-subsets of V 
called triples, such that any 2-subset of V is contained in exactly one triple of B. 
Two STS's (V~, B1) and (V2, B2) are isomorphic if there exist a bijection 
f:VI---~V2 such that the induced mapping f:B1---~B2 is also a bijection. An 
automorphism of an STS is an isomorphism of the STS with itself. The set of all 
automorphisms forms a group under the usual composition of mappings, called 
the automorphism group Aut STS of the STS. An STS(v) is cyclic if it has an 
automorphism consisting of a single cycle of length v, and more generally 
transitive, if its automorphism group acts transitively on the set of points V. 
The number N(v) of pairwise non-isomorphic STS(v)'s is known only for 
v ~ 15: N(v)= 1 for v =3,  7, 9; N(13)=2; N(15)= 80. It is also known that 
N(19) ~ 2 395 687 [9], N(21) >I 2 160 980, N(25) I> 1014; and in general, N(v) = 
'U v2('~+°(1)) (see, e.g. [8] for references). On the other hand, the number Ntr(V ) of 
non-isomorphic transitive STS(v)'s is known only for v ~<21: Ntr(v)= 1 for 
v~<13, Ntr (15)=2,  Nt r (19)=4,  and Ntr(21) = 10 [8]. There are exactly 12 
non-isomorphic yclic STS(25)'s [1], [3], hence Ntr(25)I> 12. Our goal in this 
paper is to show that Nt~(25) = 15. 
2. Transitive STS(25)'s 
We begin with a simple but useful observation. 
Proposition 2.1. An automorphism ofOrder 5 of an STS(25) = (V, B) does not fix 
any point of V. 
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Proof. Suppose that there is an automorphism f of order 5 fixing some, and 
therefore at least 5 points of V. Clearly f must fix the triple containing a pair of 
fixed points, hence the set V* of all fixed points will define an STS of order 
IV*[ ~< ½(v-  1). But this is impossible since there are no STS(v)'s for v = 5 or 
10. [] 
Corollary 2.2. ff  G = Aut STS(25), then 5 3 does not divide the order of  G. 
Proof. By Proposition 2.1 if H < G and IH[ = 5 m, then the length of each H-orbit 
of triples must be 5" and since the total number of triples in an STS(25) is 
100 < 53, we have m ~< 2. 
Since the cyclic STS(25)'s are known [1], [3], it follows from the above that to 
obtain all transitive STS(25)'s it suffices to enumerate the STS(25)'s admitting 
Z5 x Z5 as a regular automorphism group. 
3. The STS(25)'s admitting Zs × Zs 
Let V = {(i, j): 0 ~< i, j <~ 4}. The set V can be considered as a 2-dimensionai 
vector space over GF(5), and the regular action of Z5 x Z5 on V coincides with 
that of the group of translations. The family of all 3-subsets of V is divided into 92 
orbits under Z5 x Zs. Using a method similar to that from [7], it can be shown by 
computer that exactly 480 quadruples of orbits form STS(25)'s. Any automorph- 
ism of the group Z5 x 7,5, i.e., any non-singular linear transformation of V 
considered as a vector space, maps an STS(25) invariant under Z5 x 7-,5 to another 
STS(25) invariant under Z5 x Z5 and isomorphic to the initial one. The set of all 
480 solutions of STS(25)'s is partitioned into three classes under the action of the 
linear group GL(2, 5), each consisting of 160 STS's. Base blocks of repre- 
sentatives of these three classes are listed in Table 1. 
Table 1 
Solution Base blocks 
1 {(0, 0), (0, 1), (1, 0)}, {(0, 0), (0, 2), (2, 0)}, 
{(0, 0), (1, 1), (2, 4)}, {(0, 0), (1, 2), (3, 3)}, 
{(0, 0), (0, 1), (1, 0)}, {(0, 0), (0, 2), (2, 1)}, 
{(0, 0), (1, 1), (2, 3)}, {(0, 0), (1, 3), (3, 0)}. 
{(0, 0), (0, 1), (1, 0)}, {(0, 0), (0, 2), (2, 1)}, 
{(0, 0), (1, 1), (2, 3)}, {(0, 0), (1, 3), (3, 3)}. 
The three STS's from Table 1 are pairwise non-isomorphic. For, let us consider 
the triples of an STS as vertices of a graph, where two triples are called adjacent 
if they have a common point. If P is a vertex and i an integer, let mi be the 
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number of unordered pairs of vertices Q, R different from P and such that 
exactly i other vertices are simultaneously adjacent o P, Q, R. Evidently, the 
characteristics (mo, ml , . . . )  are invariant under isomorphism, i.e., any iso- 
morphism between two STS's maps triples to triples having the same characteris- 
tics. It is perhaps worth noticing that these characteristics distinguish the 80 
STS(15)'s. 
The characteristics (m0, ml, • • •, ml~) for the triples of the STS(25)'s No. 1, 2, 
3 are listed in Table 2. 
Table 2 




1 (157,489,510, 1318, 1731, 456, 25, 0, 0, 114, 36, 15) 25 
(167,468,507, 1371, 1662, 492, 19, 0, 0, 102, 60, 3) 25 
(163,501,459, 1360, 1707, 486, 10, 0, 0, 108, 48, 9) 25 
(149,486, 534, 1339, 1680, 462, 36, 0, 0, 108, 48, 9) 25 
2 (150, 526, 449, 1353, 1734, 446, 28, 0, 0, 107, 50, 8) 75 
(159, 489, 498, 1329, 1743, 435, 33, 0, 0, 11, 42, 12) 25 
3 (170, 509, 424, 1347, 1780, 437, 19, 0, 0, 99, 66, 0) 75 
(162, 519, 438, 1329, 1770, 453, 15, 0, 0, 99, 66, 0) 25 
It follows by Table 2 that the solutions 1, 2, 3 are non-isomorphic. We 
summarize the obtained results in the following 
Theorem 3.1. Up to isomorphism, there are precisely 3 transitive non-cyclic 
Steiner triple systems of order 25. 
Combined with the results of [1], [3], this implies 
Theorem 3.2. There are precisely 15 isomorphism classes of transitive Steiner 
triple systems of order 25. 
Remarks. (i) In Hall's book [6] a solution of an STS(25) admitting Z5 x Z5 is 
listed (No. 60, second solution in [6, Table 1]). This is in fact a special case of a 
general construction due to Bose [2]. It is straightforward to check that the 
transformation 
maps the Bose solution into our solution 1. 
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(ii) The transformation 
induces an automorphism of order 3 of the STS No. 1. Similarly, the 
transformation 
realizes an automorphism of order 3 of the STS No. 2 and 3. 
Using an algorithm from [4], we checked by computer that the full automorph- 
ism groups of the three non-cyclic STS(25)'s are in fact all of order 75. 
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